Abstract. We theoretically investigate the light scattering of the super-and subradiant states which can be prepared by the excitation of a single photon which carries an orbital angular momentum (OAM). With this helical phase imprinted on the stacked ring of atomic arrays, the subradiant modes show directional side scattering in the far-field, allowing for light collimation and quantum storage of light with OAM. For the excitations with linear polarizations, we find a discrete C 4 rotational symmetry in scattering for the number of atoms N = 4n with integers n, while for circular polarizations with arbitrary N , the azimuthal and C N symmetries emerge for the super-and subradiant modes respectively. When the radial and azimuthal polarizations are considered, a mode shift can happen in the scattering pattern. The forward scattering of the superradiant modes can be enhanced as we stack up the rings along the excitation direction, and for the subradiant modes, we find the narrowing effects on the scattering in the azimuthal and the polar angles when more concentric rings are added in the radial direction. By designing the atomic spatial distributions and excitation polarizations, helicalphase-imprinted subradiant states can tailor and modify the radiation properties, which is detectable in the directional super-and subradiant emissions and is potentially useful in quantum information manipulations.
Introduction
Controlled strong light-matter interactions in quantum optical systems for efficient generation, storage, and manipulation of quantum correlations [1] is essential for establishing robust long-distance quantum entanglement for quantum communication [2, 3, 4] and quantum network [5] . This has also expedited the development of quantum memory and quantum repeater [6] , which respectively stores and relays entanglement. Quantum correlation in neutral atomic system is often arisen through spontaneous emissions, in which the atomic ensemble collectively and spontaneously emits a photon following an atomic excitation. This serves an elementary mechanism to entangle the atomic states with discrete states of light, such as polarizations [7, 8, 9] . This bipartite entanglement can also be generated in the biphoton states in spatial modes, or energytime [10] , using either parametric down conversion from nonlinear crystals [11, 12] or cascade atomic configurations [13, 14, 15, 16] . By independently entangle more than one degrees of freedom, one then achieves hyper-entanglement which allows increasing the information capacity of the carriers.
To increase the efficiency of light-matter interaction, directional spontaneous emissions are enhanced in optically thick atomic ensembles [17, 18, 19] through superradiance [20, 21] , utilizing the resonant and pairwise dipole-dipole interactions [22, 23] among the atoms in the dissipation process. This collective light-matter interaction also results in a frequency shift [24, 25, 26, 27, 28, 29, 30, 31, 32] and is responsible for subradiant radiations [33] as an afterglow of superradiance [34] . In the context of quantum memory, subradiant states are candidate systems for storing photons and can be actively prepared in a dense atomic medium [35, 36, 37, 38, 39, 40] , through selective radiance by controlling the positions of an array of atoms or metamolecules [41, 42, 43] , collective antiresonances from the subradiant arrays in a cavity [44] , or through creating quantum optical analogs of topological states in two-dimensional atomic arrays [45] . The light scattering from the subradiant states is also under active investigations recently [33, 19] , but a systematic and detailed study on the subradiant modes is still lacking.
The rapid development on precisely positioning single atoms utilizing photonic crystal waveguide [46] , optical microtraps [47, 48] , or creating an array of artificial atoms in solid-state nanophotonic platforms [49] has further enabled fabrication of atomic ensembles with arbitrary spatial distributions beyond the diffraction limit of the excitation field, thus offers new opportunities to explore super-and subradiant modes, and opens up a new avenue for tailoring and modifying the quantum states of light and matter. In this paper, we propose to prepare the phase-imprinted singlephoton subradiant states in the stacked ring arrays of atoms, in which light with orbital angular momentum (OAM) [50, 51, 52, 53, 54] interacts with the atoms, and the helical-phase-imprinted (HPI) subradiant states can be prepared upon absorption. The HPI subradiant states thus serves as good candidates for storing light quanta with OAM [55, 56, 57] . We investigate the light scattering out of these subradiant states for the cases of a few atoms, a single ring, and stacked rings. We also study the effect of uniform and spatially-dependent light polarizations on the scattering patterns.
Helical-phase-imprinted subradiant states
When a near-resonant single photon is absorbed by an ensemble of N two-level atoms, a symmetric state is formed,
where each of two-level atoms can be promoted to the excited state |e from the ground state |g with an equal probability N −1 and a position-dependent traveling phase e ikL·rµ given by the plane-wave excitation field. This symmetric state can be superradiant when the inter-atomic distance is much less than the resonant wavelength λ a . Since the complete Hilbert space of single excitation involves N possible constructions of the bare states |e µ |g (N −1) ≡ |ψ µ , then the remaining N − 1 nonsymmetric states can be either super-or subradiant, depending on the atomic distributions. To systematically study and access those states, we have proposed to use a phase-imprinting method [36, 37, 40] on a one-dimensional atomic array, which prepares the system into a De Moivre state:
with m ∈ [1, N ], whose orthogonality is guaranteed by De Moivres theorem. This phase imprinting method dynamically controls the linearly increased atomic phases either by a gradient Zeeman field or a gradient Stark field pulse. Note that this specific construction of Hilbert space is not unique, and in general there are infinite ways to create single excitation space. While this method practically demands a large field gradient or long interaction time when the atomic array is short and/or the inter-atomic separation is small, by deforming the atomic array into a ring, this linearly increasing phase can be easily and exactly imprinted by light with a quantized orbital angular momentum (OAM), l , without needing an external field gradient. A Laguerre-Gaussian (LG) beam, u l 0 , carries an OAM of l , and its wave front acquires a phase e ilφ along the azimuthal direction, where the azimuthal angle φ = [0, 2π) [50, 51] . For N atoms sitting on a single ring with a constant separation between their nearest neighbors, the light propagating along the axis of the ring imprints the phase of φ = 2πl(µ − 1)/N on the atoms. A u l 0 photon absorbed by the ring array thus forms exactly the state of |Φ m=l of equation (2) . In Figure 1 , we show two stacked rings for an illustration of preparing such helical-phase-imprinted (HPI) states with a u l 0 photon, and the farfield observation of these states. For the multiply-stacked rings alongẑ, HPI states in general can be expressed as
where N = N z N φ for a number of N z stacked rings, with N φ atoms in each ring. The atomic position index µ is implicitly (µ z −1)N φ + µ φ , which labels the traveling phase by the excitation field on |ψ µ . The multiply-stacked rings allow a large optical depth and strong light-matter interactions, and thus increase the absorption efficiency. For the stacked rings alongr, forming a concentric structure in a two-dimensional plane, is absorbed by the atoms sitting on the stacked rings alongẑ (two ring arrays are shown here for illustration). The atomic system is then prepared into one of the super-or subradiant states, depending on OAM of light. In the dissipation process, the resonant dipole-dipole interaction Mµν couples any two atoms on the stacked rings, and scatters the light collectively depending on the ring geometry of radius r, φ, and inter-ring distance d. (b) Typical light intensity (normalized) with OAM of Laguerre-Gaussian modes u l 0 (r, φ) and associated helical phases e ilφ , for some beam waist radius w. (c) A far-field observer at R sees the scattered light from a dipole p at rα in 4π solid angle of modek characterized by θ ′ and φ ′ .
we can substitute N z and µ z with N r and µ r respectively in equation (3) . Other possible HPI states can be prepared in a cylindrical shell with a chirality or even in torus-like shape, making our scheme a versatile platform to manipulate and engineer the many-body subradiant states.
Light scattering from HPI subradiant states
In this section, we consider the resonant dipole-dipole interaction in the dissipation process of the HPI states and investigate their far-field emission patterns, which is derived in Appendix B, for various atomic ring structures.
Two-atom case.
We first analyze the case of two atoms sitting on a ring with a radius r and excited by single photon carrying an OAM, l . Define the far-field property Ω f (θ, φ) ≡ E * (R, t) E(R, t) /I 0 (t), we use equation (B.2) in Appendix B for two atoms on the x-axis with anx polarized excitation, and we obtain 
l ], which indicates that the excitation beam with odd OAM is not scattered at all in this extreme limit. According to equation (3) , this specific HPI state is given as
which is a superradiant (subradiant) state for even (odd) l. The superradiant intensity for single photon scattering in the forward direction has a maximal Ω f (θ = 0) = 2 which is proportional to N 2 /2, as that in the half-excited spin models [20] . For single spin excitation in the N spin-1/2 model, the photon emission intensity is proportional to (l m + m)(l m − m + 1) = N in the Dicke's eigenstates with a total quantized angular momentum l m = N /2 and magnetization m ≡ (
In Figure 2 , we show the eigenvalues and far-field property Ω f (θ, φ) for two atoms separating by 2r. The eigenvalues can be solved analytically from the coupling matrix M introduced in Appendix A, which are
with ξ = 2|k L |r. The rescaled real part of the eigenvalues in Figure 2 , which are decay constants, approach 2 and 0 as r → 0, representing the super-and subradiant modes of the radiation. For larger r, the eigenvalues asymptotically converge to 1, corresponding to the regime of non-interacting (independent) emitters. Specific far-field property is chosen at ξ = 0.3π, which shows a forward-backward scattering along the propagation direction,ẑ, of the excitation field and a side scattering respectively for the super-(l = 2) and subradiant (l = 1) modes. Note that thex andŷ polarized excitations correspond to the head-to-tail and parallel polarization configurations respectively. Therefore, the former (latter) shows no scattered light at all in the direction ofx (ŷ), and this can be also seen from equation (4) which vanishes at θ = π/2 and φ = 0 (π/2). The head-to-tail polarizations also show strong scattering in the superradiant mode in the transverse direction to the polarization orientation, in contrast to the parallel polarizations which have a suppressed scattering rate along thex axis (about 0.35 times of the maximal scattering). This reflects the destructive light interference between the parallel polarizations and can be seen as phase slip in the scattered light. This destructive interference goes away as r → 0, where Ω f (θ, φ) of these two polarization configurations restores the rotational symmetry of φ → φ + π/2. On the contrary, the subradiant modes preserve the scattering patterns in Figure  2 at r/λ 0.35 and 0.25 for head-to-tail and parallel polarizations respectively. This range of r can be estimated by 2|k L |r sin θ cos φ ≈ π/2 in equation (4), which indicates the phase slip of half of lπ (l = 1 for the subradiant mode). The angles can be chosen as φ = 0 and θ = π/4 or 0 at the maximal scattering of the head-to-tail or parallel polarizations in the small r limit. This estimation also reflects on the qualitative change of the eigenvalues in Figure 2 , which start to oscillate around λ 1,2 = −Γ/2. As r increases and passes the estimated range, a side scattering also appears for the superradiant modes, and the directionality of the scattering disappears. In the range where 2r λ, the clear phenomena of super-and subradiance disappear.
Single ring.
For the geometry of N atoms sitting on a single ring with equal arc lengths, it is equivalent to an N -sided regular polygon. When N ≫ 1, the far-field scattering pattern from atoms forming a regular polygon approaches that of a ring. Before we investigate the scattering of the many-body subradiant states in a single ring with a large N , we first study the case of three and four atoms, which form regular triangle and square respectively.
In Figures 3(a) and 3(b), we show two polarization configurations of three atoms in a triangular, which are excited byx andŷ polarized light respectively. The farfield scatterings Ω f (θ, φ) of various HPI states of l = 1 − 3 are plotted horizontally. As expected, the superradiant modes of l = 3 show directional forward-backward scatterings alongẑ. In contrast, for the subradiant modes of l = 1 and 2, a side scattering shows up but its mirrored counterpart is suppressed with respective to thex −ẑ plane. This asymmetry is due to the finite phase slips between the atoms, and the mirror symmetries to thex −ẑ andŷ −ẑ planes can be restored as r → 0, where the maximal scatterings reside on theŷ andx-axis respectively for 3(a) and 3(b). Unlike the two-atom case, the rotational symmetry of Ω f (θ, φ) for both the super-and subradiant modes, that is φ → φ + π/2, is retrieved as r → 0. This reflects the role of the third atom which smears the pure parallel or head-to-tail polarization configurations in the two-atom case. In Figure 3 (c), we study the four atoms forming a square. The l = 2 subradiant mode, possessing the lowest decay rate, is more narrowly directional than the other ones of l = 1 and 3, which have the same Ω f (θ, φ). Furthermore, in this specific structure, two polarizations of light excitations generate the same pattern of the far-field scattering with the rotational symmetry of φ → φ + π/2. This applies to all the number of atoms N = 4n with integers n, which therefore preserves the C 4 rotational symmetry in their scattering properties. This can be also seen from the linearly polarized light we use here, which rotates the dipole moment by π/2 in φ. We note that the far-field scatterings of the l = 1 and 3 modes are the same due to the symmetry of l → −l, which will be further explained in the end of this subsection.
For many atoms on a single ring, we use N = 20 as an example in Figure 4 . For this N , C 4 rotational symmetry sustains, and therefore, Ω f (θ, φ) are the same for two linear polarizations. In this configuration, the lowest subradiant eigenmode has 10 −4 times of the natural decay rate, as shown in Figure 4 (a). This extremely small scale of the decay rate can be further reduced as r decreases. We select some of the HPI states in Figure 4 (b), which occupy several eigenmodes with significant weightings migrating from the superradiant (l = 1 and 2) to the subradiant ones (l = 5, 9, and 10). The HPI super-and subradiant states can be approximately determined and distinguished by locating the eigenmode of m = 14 in Figure 4(a) , which is about to pass below the line of λ m = −Γ/2. In Figure 4 (c), the Ω f (θ, φ) is plotted accordingly for the selected modes in 4(b). Except for the superradiant mode of l = N , which has a clear forward-backward scattering similar to the previous cases of few atoms, the other superradiant modes of l = 1 and 2, for example, also show an oblique and side scatterings respectively. As l increases toward the most subradiant modes (l = 10), a clear side scattering at the right angles emerges, and this most subradiant HPI state further narrows Ω f (θ, φ) and becomes directional.
We note of the identical Ω f (θ, φ) with l → −l (or N − l) for even number of the atoms in general, and for odd number of atoms only when r → 0. For small r, the far-field property Ω f (θ, φ) of Eq. (B.2) can be approximately reduced to the sum of imprinted helical phases e i2lπ(β φ −α φ )/N φ . This gives in general a sum of cosine functions without the detail spatial phases from the atomic distributions of r αβ , therefore Ω f (θ, φ) is the same for lth and (N − l)th HPI states. For a finite r, only even number of the atoms N sustains the symmetry of l → −l in Ω f (θ, φ). This can be seen from the pairwise and spatial phase contributions of k R · r αβ . These include a combination of C N 2 cosine functions with N nearest-neighbor components (α = β + 1) and with N (N − 3)/2 diagonals in the geometry of N -polygon. The nearest-neighbor components pair up and interchange with l and −l. For the diagonals, they can be further grouped into (N/2 − 2) different lengths (next nearest-neighbor, next next nearest-neighbor, etc.) with N components respectively, and the diagonal with the maximal length (2r) with N/2 components. Again the N components in the respective groups can be interchanged with l and −l. The N/2 components in the maximal diagonal go back to themselves as l → −l. This is due to the form of cos(lπ + k R · r αβ ) which is the same as cos(−lπ + k R · r αβ ) with a phase difference of 2lπ.
Stacked rings.
Moreover, we investigate the far-field scattering properties of the stacked rings. When more atoms are involved, the atomic coherences can be built up to enhance the cooperative emissions in either the super or subradiant decay rates, the cooperative frequency shift, and the directionality of the scattering.
In Figure 5 , we investigate two basic types of the stacked rings,ẑ-andr-stacked rings, which are integrated along the excitation and radial directions respectively. Figure 5 (a) shows schematically threeẑ-andr-stacked rings, where an extra parameter of d z characterizes the distance between the rings in the former type, and we consider only concentric rings in the latter. For the superradiant mode of HPI state with l = 1 in Figure 5(b) , the forward scattering is enhanced from two to three stacked rings, breaking the symmetry of forward-backward scattering in Figure 4 (c). As we vary d z , the relative strengths between the forward and backward scatterings can vary, which however are always larger than one when d z λ. Therefore, the far-field scattering is hugely influenced by the interference between the rings.
Similarly for the subradiant mode in Figure 5 (c), an oblique scattering toward the forward and backward directions are reinforced as more atoms are integrated in theẑ-stacked rings. As we stack up more rings, the side scattering at the right angle in Figure 4 (c) can reappear as well. Whether the atomic system supports an oblique or side scattering depends on the r, d z , and the number of the stacked rings, which again indicates the interplay of the phase interferences within and between each rings. In the last example of Figure 5 (d), we study the HPI state with l = 9 in thê r-stacked rings. Compared to this subradiant mode in a single ring in Figure 4 (c), we find a narrowing effect on the far-field scattering in φ direction. As we put more rings together (a total number of s rings), passing the range of sr = 1.5λ with s = 3, the far-field scattering toward the forward and backward directions starts to appear, which we further demonstrate in Figure 6 . With s = 4, we see a broadening in θ direction, which indicates a crossover from the sub-to the superradiant mode for the chosen l. The superradiant modes at s = 5 and 6 further show the narrowing effects in both θ and φ directions on the far-field property, in huge contrast to the purely forward and backward scattering alongẑ for l = N φ . We note that the number of the narrowed peaks depends on the number of the atoms on the ring, which is N φ = 20 in Figure 6 . This is also a signature of the HPI states in equation (3) 
Circular polarization.
For circularly polarized excitations [(x ±ŷ)/ √ 2] of HPI states, we expect of more symmetric scattering patterns than linear polarizations. In Figure 7 , we choose HPI subradiant states with l = 1 or 2 for the few atoms case, and for many atoms, we compare with a single ring structure in Figure 2 . For any uniform polarizations in general, (R ·p) 2 in equation (B.2) can be replaced by |R ·p| 2 , and as such, the handedness of the circular polarization does not matter to the far-field property. For the two-atom case, the scattering property can be derived by substituting the prefactor of equation (4), sin 2 θ cos 2 φ, by sin 2 θ/2. Similar to the linear polarizations in Figure  2 , vanishing scattering intensity resides onŷ-ẑ plane, while in contrast two polar angles of π/2 ± θ m on thex-ẑ plane can be identified at the maximal scattering in Figure  7 (a). This is exactly the average of the far-field scattering of HPI state with l = 1 in Figure 2 . For three and four atoms, the subradiant modes have scattering peaks at discrete azimuthal angles φ = φ s + 2π/N , preserving a discrete rotational symmetry C N of φ. φ s is the offset of the angle, depending on which subradiant mode we consider in Figures 7(b) and 7(c) .
For a single ring with many atoms, we compare Figure 7 (d) to Figure 4 (c), and similarly the far-field scattering goes toward the transverse direction from the superto the subradiant modes. In addition, the circularly polarized excitation preserves the azimuthal symmetry in the super-(l = 1 and 2) and subradiant (l = 5) scattering patterns. For even more subradiant modes (l = 9 and 10), the rotational symmetry C N of φ emerges and contrasts with simply narrowing peaks in Figures 4, 5 , and 6. Similarly in the stacked rings alongẑ orr, circularly polarized excitation further endows the scattering patterns with the azimuthal and discrete rotational symmetries respectively to the super-and subradiant modes in Figure 5 . The narrowing effect in ther-stacked rings also appears to circular polarizations as in Figure 6 with increasing s, and again with an additional C N symmetry.
Radial and azimuthal polarizations.
Other than uniformly polarized excitations, finally we study the scattering properties from the radially and azimuthally polarized excitations which can be generated and tailored [58] to manipulate spatially-dependent dipole orientations. The dipole-dipole interactions in equations (A.3) and (A.4) can be straightforwardly generalized by
. Similarly, the far-field property of equations (B.1) and (B.2) can be also generalized by replacing [ 
and moving it into the double sums α,β .
The radial and azimuthal polarizations for the dipole can be denoted asp α =ê r andê φ which are respectively [cos φ(α)x + sin φ(α)ŷ] and [− sin φ(α)x + cos φ(α)ŷ]. The dipole orientation rotates with the angles φ(α) = 2πα φ /N φ which amounts to the imprinted phase via spin polarizations. Unlike the circular polarizations which have definite spin angular momentum (±1 ) in a photon, the radial and azimuthal polarizations can only relate to the circular ones byê r ± iê φ = (x ± iŷ)e ∓iφ . This indicates that an equal superposition with π/2 phase shift between the radial and azimuthal polarizations of light is the same as the left (right)-handed circular polarization with one quanta shift (∓1 ) of OAM. In contrast to this simple relation between the light polarizations, the scattered polarization of the electric field has both contributions from the excited dipoles and the observer, ∝ [p α −R(p α ·R)], making the resulting far-field scattering property lack of this direct relation. Nevertheless, the mode shift (l → l + 1) for small l in the scattering patterns can still happen. In Figure  8 , we demonstrate the far-field scattering patterns from radially and azimuthally polarized excitations. Both l = 1 HPI states resemble the superradiant (l = N φ or equivalently l = 0) scattering patterns characterized by the forward and backward directions. As l increases, we find that the far-field scattering of l = 2 excited by the azimuthal polarization has the oblique structure of l = 1 mode by the circular polarization in Figure 7(d) . In addition, the l = 2 mode by the circular polarization is analogous to the average of radially and azimuthally polarized mode patterns (l = 3). When l ≈ N φ /2, we find that all of the patterns from circularly, radially, or azimuthally polarized excitations approach to each other. This is due to both the symmetry of l → −l in Ω f (θ, φ) and the discrete rotational symmetry C N are satisfied. Similarly, the stacked rings alongẑ orr respectively enhances the forward scattering and the narrowing effect as in Figure 5 with again an additional C N symmetry.
Discussion
For the source of light with OAM, we use the paraxial approximation for the LG modes [59, 60, 61] , which can be satisfied when f = λ/(2πw 0 ) (beam waist w 0 ) is much smaller than one. Under this condition, the extra spatially-dependent phase [e −ikr 2 /(2R(z)) ] from the radius of curvature [R(z)] of the wavefront vanishes at z = 0 due to infinite R(z). Therefore, the HPI state can be genuinely prepared with the phase of e ilφ when interacting with the photons with the lth OAM. However, the longitudinal polarization can be generated due to LG modes gradient along the direction of the linear polarization [59, 60, 61] , which reduces the light-matter coupling efficiency. Taking the advantage of precise atomic spatial manipulations and tightlyfocused beams [58] , the HPI state preparation can be optimized to overcome this inefficiency.
Our proposed scheme to manipulate the HPI states can be limited by how large the OAM of light is available for the scalable atomic system. A recent advancement shows that as high as more than 10, 000 OAM can be generated [62] , thus making our scheme flexible and pragmatic enough up to several thousands of atoms. To have a strong coupling in the atom-atom interactions, the requirement is more stringent in gaseous systems since the condition of r λ already reaches BoseEinstein condensation. On the contrary, it is more suitable in the systems of artificial atoms [63, 64] using the superconducting qubits or silicon-vacancy color centers [49] . Respectively, µm scale of superconducting circuits are driven by microwave fields (several tens of GHz corresponding to λ ∼ 30 µm), while the color centers can be manipulated with 40-nm precision driven by an infrared light (400 THz corresponding to λ = 750 nm). Both systems allow for strong dipole-dipole interactions (r/λ ∼ 0.05) with high controllability of the atomic distributions, which are therefore promising to implement the HPI state engineering of super-or subradiant states. Furthermore, our scheme can be favorable to store and manipulate the quantum information using OAM of light which in principle has infinite capacity of entanglement, and is potentially useful in quantum computing with high-dimensional quantum gates [65] .
Finally, the far-field scattering properties here offer distinguished fingerprints that can be traced back to the atomic spatial distributions and polarization configurations. Therefore, the scattered patterns not only provide useful information for light collections, but incorporate rich details of light-matter interactions. Our HPI states are one example of systematically delineating the full spectra of scattered mode patterns. As the development of controlling atomic positions progresses, we expect of more collective phenomena to emerge in addition to light reflections [19] or many-body subradiant state excitations [42, 44] .
Appendix A. Lindblad form of dissipation with resonant dipole-dipole interactions.
The theoretical analysis for the fluorescence and light scattering is based on the Lindblad forms of the spontaneous emissions. The general spontaneous emission process involves the long-range dipole-dipole interaction [22, 23] . This pairwise interaction originates from the rescattering events in the common quantized light field. For an arbitrary quantum operatorQ, the Heisenberg equation in a Lindblad form gives
where for the spontaneous emission,
F µν 2 σ
The dipole operator isσ
The pairwise frequency shift G µν and decay rate F µν are [23] 
where Γ is the single-particle natural decay rate of the excited state, ξ = |k L |r µν , and the interparticle distance r µν = |r µ −r ν |. The above expressions are valid for uniformly polarized excitations of the dipole orientations p. The time evolutions of the HPI states can be determined by the eigenvalues and eigenvectors of the coupling matrixM with M µν = (−F µν +i2G µν δ µ =ν )e −ikL·(rµ−rν ) /2 in the bare state bases |ψ µ . Denote the eigenvalues and eigenvectors as λ m andÛ respectively, the time evolution of the HPI state |Ψ(t) = h l (t)|Φ l HPI reads [36, 37, 40] h l (t) = where the atomic position index ν is implicitly (ν z −1)N φ + ν φ , which is the same as µ. The eigen-spectrum of λ m involves both super-and subradiant decay rates along with the associated frequency shifts. |v m (l)| 2 is essentially the fidelity of |Φ l HPI to the mth eigenstate while |v m (l)w m (l)| 2 gives a measure of how much λ m contributes to the HPI state dynamics.
Appendix B. Far-field scattering.
The far-field scattering properties provide extra information in characterizing the HPI states and the atomic system. Similar ring lattice has been used to prepare Rydberg states [66] which show collective effects in the photon emissions. Here we use the general expression of the far-field scattering from the two-level atoms [23] , where ω eg is the energy difference, R = |R|, r αβ = r α − r β , and the orientation of the dipole moment p is determined by the polarization of the excitation. The far-field derivation assumes that the observation point is much farther from the atoms, such that ω eg |R − r α |/c ≫ 1. This also suggests that the radiation mode k ≈ k R // R α [= (R − r α )] in Figure 1 , which indicates of the retarded phase e ikR(Rα−R) ≈ e −ikR·rα . Similar and more general expression can be also derived for a four-level atomic system [67] (three Zeeman levels in the J = 1 excited state, as in strontium atoms), which takes Eq. (B.1) in a tensor form of dipole transitions.
At equal time of Eq. (B.1), we obtain the radiation field intensity. Put the HPI states |Ψ(t) into Eq. (B.1) in Schrödinger picture, we have where I 0 (t) = I n h * l (t)h l (t) is the time-evolving fluorescence intensity with I n ≡ (ω eg | p|) 2 /(4πǫ 0 c 2 R) 2 , and again α(β) has an implicit dependence of α φ (β φ ). Equation. (B.2) characterizes the far-field scattering property from the HPI states prepared by an excitation field of lth OAM, which involves the interplay of the atomic distributions r αβ and the imprinted phases e i2lπ/N φ .
